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We describe a technique for determining the set-transitivity of the Galois 
group of a polynomial over the rationals. As an application we give a short 
proof that the polynomial P,(x) = x7 - 154x + 99 has the simple group 
PSL(2,7) of order 168 as its Galois group over the rationals. A similar method 
is used to prove that the associated splitting field is not that of the polynomial 
x’ - 7x f  3 given by Trinks [9]. 
1. INTRODUCTION 
It is an open question whether any finite group may occur as the Galois 
group of a polynomial over the rationals. Shafarevich [6] has proved that any 
solvable group may appear; however far less is known for the non-solvable 
case. Macbeath [5] has proved that the family PGL(2, E,) occurs, and Feit [3] 
has remarked that all unitary groups generated by reflections occur. Shih [13] 
proves that PSL (2, p) occurs for odd p such that 2, 3 or 7 is a quadratic 
non-residue. 
As early as 1877, Klein [4] remarks that it is an “old problem” to deter- 
mine polynomials of degree 7 or 8 which have PSL(2,7) as their Galois 
group. He states that he has developed a method to calculate (his italics) 
examples, and gives a normal form of degree 7 over Q ((-7)l/3 and another 
of degree 8 over Q. He also refers to the work of Kronecker in 1858 on this 
question. Weber [ll] devotes more than 50 pages to polynomials involving 
PSL(2,7). More recently Stauduhar (1969) [8] and Trinks (1968) [9] have 
found explicit examples of degree 7 over Q. 
* Supported by National Research, Council of Canada. 
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Given a polynomial, a standard method [IO] of finding a lower bound to 
its Galois group is to factorize it modulo various primes. For a polynomial 
of degree n and for a primep not dividing the discriminant, the degrees of the 
irreducible factors of the polynomial mod p form a partition of n which is 
the cycle type of a permutation in the Galois group of the polynomial. In 
general it is harder to find a good upper bound for the group. The method 
we give here is useful as a criterion for a Galois group to be a proper subgroup 
of a multiply transitive group (here the alternating group A, in its natural 
representation). As an illustration we give a further example of a polynomial 
with the simple group PSL(2,7) as Galois group and show that the example 
is not equivalent to that of Trinks. 
2. THE METHOD 
LEMMA 1. Let P(x) be a manic polynomial over Q of degree n > 1 with 
zeros {aJ 1 < i < n. The$el& ICI = Q(al ,..., a,) and K, = Q(bl ,..., b,) are 
equal, where m = (F), and the {bJ are the sums of distinct elements of {ai} 
taken r at a time (0 < r < n). 
Proof. For r = 1 the result is trivial. Suppose r > 1, then plainly K, d K1. 
Let ci = C bj where the sum is restricted to those bj containing ai . Then 
The second summand is symmetric, so K, contains a non-zero multiple of 
ai , hence ai itself. Since this is true for all i, we conclude K1 < K, . 
LEMMA 2. Using the notation of lemma 1 with n > 1, suppose P,(x) is the 
polynomial of degree m whose zeros are the (bj}. If Gal P(x) is the alternating 
grow A, , then P,(x) is an irreduciblepolynomialfor each r, 0 < r < n. 
Proof. P,(x) is integral because it has coefficients which are symmetric 
functions of the (ai}. If r < n - 2, A, is transitive on the roots of P,(x) 
since A, is (n - 2)-transitive. But if r = n - 1, A, is still transitive on 
(unordered) r-sets because it is transitive on their complements. It is a 
necessary and sufficient condition for a polynomial to be irreducible that its 
Galois group be transitive on its zeros. The conclusion follows. 
Conversely, if P(x) is irreducible and has a Galois group which is not 
r-set-transitive on its zeros, the associated polynomial P,(x) is reducible. 
Proof. Immediate. 
The relation between set- and point-transitivity is to be found in Cameron 
[12] and his references. 
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3. AN EXAMPLE 
We can illustrate the use of these lemmas by showing that the polynomial 
P(x) = x7 - 154x + 99 has PSL(2, 7) as Galois group. 
We define the following polynomials, label their zeros (which are given 
approximately), and give their discriminants. 
Polynomial 
P7(x) = x’ - 154x + 99 
D, = 36781161132 
Zeros Real part Imaginary part 
al 
a2 
a3 
a4 
a5 
a6 
a7 
2.18 
0.64 
-1.25 
-2.40 
1.04 
1.04 
-1.25 
- 
2.01 
- 
2.02 
-2.02 
-2.01 
p,(x) = xi - 231x3 
- 462x2 + 77x + 66 
aijk = ai $ aj ‘r ak 
D P = 263127S116 
T,(x) = xi - 7x + 3 
D = 3s78 
p&x) = x7 + 14x4 - 42x2 
- 21x -I- 9 
bijk = bi + bj t bk 
Dp = 3a78 
alz4 0.41 - 
a235 0.43 4.03 
‘346 -2.61 -0.01 
a457 -2.61 0.01 
a56l 4.27 - 
a672 0.43 -4.03 
a713 -0.32 - 
b, -1.44 
b, 0.42 
b, 0.61 
b, 1.29 
b5 0.61 
b, -0.75 
b, -0.75 
- 
- 
1.21 
- 
-1.21 
1.20 
-1.20 
b 124 0.27 
b 235 1.66 
b 346 1.15 
b 457 1.15 
b 561 -1.58 
b 672 -1.08 
b 713 -1.58 
- 
- 
2.41 
-2.41 
-0.005 
- 
0.005 
P,,(X)haSthe(7,)ZerOSUi+Uj+Uk,l <i<j<k<'7. 
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LEMMA 4. PSL(2, 7) < G < A, , where G = Gal P(x). 
Proof. The discriminant -Dp of the trinomial P(x) is easy to calculate, see 
e.g. [I, page 1631. Since D, = 3s781161132 is a square, we have G ,< A, . On 
the other hand, P(x) is irreducible over Q by Eisenstein’s criterion applied 
with the prime 11, so G contains a 7-cycle. Furthermore the Sturm sequence 
shows that P(x) has exactly three real roots and so complex conjugation is a 
permutation of cycle type 2213 in Gal P(x). But PSL(2,7) is the only proper 
subgroup of A, containing elements of these two cycle types - see [7], for 
example. 
PROPOSITION 1. x7 - 154x + 99 has Galois group PSL(2,7). 
Proof: The group PSL(2, 7) is 2- but not 3-transitive in its representation 
on 7 objects, so we compute P&x) which turns out to be 
P&x) = xs5 - 6160~~~ + 29898x2e - 38277624~~~ - 41255676~~~ 
+ 37518228~~~ + 18524283008~~’ + 6522421752~~~ 
+ 27295157736x15 + 35173338750~‘~ - 2894923232432xll 
+ 489571380144xl” - 4925879415072x9 + 3933790086996xS 
- 702099623709x’+ 149674336745472~~ - 96219216479232x” 
-25773004414080X3 + 21354775085952~~ + 946763427456x 
- 1217267263872. 
Now x7 - 231x3 - 462x2 + 77x + 66 1 Ps5(x) and so G = PSL(2,7) by 
corollary 2. 
Remark 1 (P. Cartier) If P,(x) = x7 + ax + b has zeros (x1, x2 ,..., x7> 
then a, b are isobaric functions in these variables of weights six and seven 
respectively. For manic Ps5(x) = Cyto cix35-j we have Cj E Z[a, b] isobaric 
of weight j but j = 6s + 7t has at most one solution for each j, 0 ,< j ,< 35 
and so cj = ystasbt. The integer constants yst may be determined directly 
giving the result: 
P&x) = x35 + 40ax29 + 302bx28 - 1 614a2x23 + 2706abx22 
+ 3828b2x21 - 5072$x1’ + 2778a2bx16 - 18084ab2x15 
+ 36250b3x14 - 5 1 47a4x11 - 1 354a3bx10 - 2 11 92a2b2Xg 
- 26326ab3xS - 7309b4x7 - 1728a5x5 - 1728&b-. 
+ 720a3b2x3 + 928a2b3x2 - 64ab4x - 128b5. 
Remark 2. Once absolute values of the coefficients of Ps5(x) are bounded 
above, the divisibility test may be executed using residue arithmetic and the 
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Chinese remainder theorem for polynomials thus avoiding the need for large 
integers. 
Remark 3. It is easy to see that P,(x) = x7 + ax i- b cannot have more 
than three real roots. We thus obtain the following necessary and sufficient 
conditions for PSL(2,7) to be its Galois group: 
1. P;(x) is irreducible over Q, 
2. disc P.,(X) is a square, 
3. P,(X) has exactly three real roots, 
4. P,,(s) is reducible over Q. 
4. GEOMETRY AND THE FIELDS 
To understand the factorization of P&X) we need several facts about the 
geometry of PSL(2,7) N PGL(3, 2) which is the symmetry group of the 
7-point projective plane: 
1 
6 
5 
There is a well-known incidence-preserving duality of this plane which 
interchanges lines and points. We find it convenient to identify the points of 
the plane with the zeros {ai} of P,(x) and the sum ai + aj + ak , i < j < k 
with the configuration (i,j, k} which is either a line or a triangle. We can now 
state that the group acts intransitively on the (i) triples with two orbits, one 
of length 7 (the lines) and the other of length 28 (the triangles). We see that 
the factor of P,,(x) of degree 7 is p,(x) with the 7 lines as its zeros. 
Finally we show: 
PROPOSITION 2. The Galois extension field F of P?(x) is distinct from 
the Galois extension field K qf Trinks’ polynomial T7(x). 
Proof. Suppose F = K. Let G1 < G be stab(a,), the stabilizer in G of a, . 
Now G1 acts on F and so also on the zeros of each of T,(x) and p,(x), in one 
case fixing a zero and in the other fixing no zero. Denote whichever of 
T,(x) or Y?,(x) corresponds to the first possibility by TT(x) with zeros {c~>. 
We define R&X) as the polynomial with 7% zeros (ai + ck). 
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We assert that if F = K and R&X) has no integral zeros then it has an 
integral factor of degree 7. To see this, note that for somej, G, < stab& + 
q), so stab@, + &I is either G1 or G. Inspecting the approximate values of 
{ai + ck] we observe that &,(x) has no integral zeros. We conclude that if 
F = K, R&X) factorizes over 2 with an irreducible factor R,(X) of degree 7. 
In this case Gal R,(X) is a factor group of PSL(2,7) which is simple hence 
Gal R,(X) = PSL(2, 7). Now involutions of PSL(2, 7) have cycle type 2213 
and either the zeros of R,(x) are all real or the involutions perform complex 
conjugation in the splitting field of R,(X). In the first case, R,(X) would have 7 
real zeros which by inspection does not occur; in the second &(x) has 
exactly 3 real roots and so the pairing of the {q) and (ck} which would yield 
R,(X) would pair reals with reals, for which there are 3 ! possibilities. More- 
over, if ai paired with cR then Zi must be paired with & , so there are at most 
8 choices for pairing the complex roots. An examination of the 48 possibilities 
reveals that for no choice of the pairing can the coefficients of the candidate 
for R,(X) all be integers. Hence R,,(x) has no factor of degree 7. This implies 
F # K. 
Note 
There are other ways of proving this result, for example distinct decom- 
position of the two polynomials at any prime not dividing either discriminant, 
(for example, at p = 17) but our approach is informative whether or not 
the fields are distinct. 
Remark 
The Cebotarev density theorem states that, in the limit as i -+ co, the 
distribution of cycle types of factors mod primes pk , k < i, is proportional to 
the distribution of elements of that cycle type in the Galois group. For the 
polynomials of this note we find the following distribution for the first 168 
primes : 
Cycle type 1’ 2313 321 4 2 , 
4;. 
1 7 
Expected 1 21 56 48 
x’ - 7x + 3 0 22 59 46 41 
x7-154x+99 0 19 50 48 51 
Note added in proof: A simpler, more general, proof of Lemma 1 is given in [14]. The 
following result is relevant to Lemma 2: For a set {a<} of n distinct numbers, the set {bj} of 
partial sums of the {ai} r at a time contains at least r(n - r) + 1 distinct values. This is 
proved by ordering the {ai} so that as < al whenever either &as) < re(at) or re(a& = 
re(aJ and im(a8) < im(aJ. A dominance chain of r-sets of subscripts can be formed starting 
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from 1, 2,..., r to (n - r + l), n - r,... n. The length of this chain is r(n - r) + 1 and the 
subscript sums are strictly increasing, differing by one for consecutive r-sets. The result 
follows. 
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